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� 1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì íàçûâàåòñÿ óðàâíåíèå, ñâÿçû-
âàþùåå íåçàâèñèìóþ ïåðåìåííóþ x, èñêîìóþ ôóíêöèþ y(x) è å�å ïðîèçâîäíûå y′,
y′′,. . . ,y(n).
Ñèìâîëè÷åñêè äèôôåðåíöèàëüíîå óðàâíåíèå ìîæíî çàïèñàòü òàê:

F
(
x, y, y′, . . . , y(n)

)
= 0, èëè F

(
x, y,

dy

dx
,
d2y

dx2
, . . . ,

dny

dxn

)
= 0. (1)

Ïîðÿäêîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ ïîðÿäîê íàèâûñøåé ïðî-
èçâîäíîé, âõîäÿùåé â óðàâíåíèå.
Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà íåêîòîðîì ïðîìåæóòêå íàçûâàåò-

ñÿ âñÿêàÿ ôóíêöèÿ y = f(x), êîòîðàÿ èìååò íà ýòîì ïðîìåæóòêå íåîáõîäèìîå
êîëè÷åñòâî ïðîèçâîäíûõ è, áóäó÷è ïîäñòàâëåíà â óðàâíåíèå, îáðàùàåò åãî â òîæ-
äåñòâî, âåðíîå íà âñ�åì äàííîì ïðîìåæóòêå.
Íàïðèìåð, äèôôåðåíöèàëüíîå óðàâíåíèå xy′ − 2y = 0 èìååò ðåøåíèå y = x2,

òàê êàê åñëè y = x2, òî y′ = 2x, è òîãäà x · 2x− 2x2 ≡ 0.
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Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ, çàäàííîå íåÿâíî ñîîòíîøåíèåì
Φ(x, y) = 0, íàçûâàåòñÿ èíòåãðàëîì ýòîãî óðàâíåíèÿ. Ãðàôèê ðåøåíèÿ äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ èíòåãðàëüíîé êðèâîé.

� 2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà èìååò âèä

F (x, y, y′) = 0. (2)

Åñëè óðàâíåíèå ðàçðåøèòü îòíîñèòåëüíî ïðîèçâîäíîé, òî îíî ïðèìåò âèä

y′ = f(x, y). (3)

Òàêîå óðàâíåíèå íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà,
ðàçðåø�åííûì îòíîñèòåëüíî ïðîèçâîäíîé.
Òåîðåìà Êîøè. Åñëè ôóíêöèÿ f(x, y) è å�å ÷àñòíàÿ ïðîèçâîäíàÿ f ′y(x, y) îïðå-

äåëåíû è íåïðåðûâíû â íåêîòîðîé îáëàñòè D ïëîñêîñòè Oxy, òî êàêîâà áû íè

áûëà âíóòðåíÿÿ òî÷êà (x0, y0) îáëàñòè D, â íåêîòîðîé îêðåñòíîñòè ýòîé òî÷-
êè ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ y′ = f(x, y), óäîâëåòâîðÿþùåå
óñëîâèÿì y = y0 ïðè x = x0.
Ãåîìåòðè÷åñêè òåîðåìà óòâåðæäàåò, ÷òî ÷åðåç êàæäóþ âíóòðåííþþ òî÷êó

(x0, y0) îáëàñòè D ïðîõîäèò åäèíñòâåííàÿ èíòåãðàëüíàÿ êðèâàÿ. Î÷åâèäíî, ÷òî
âî âñåé îáëàñòè D óðàâíåíèå y′ = f(x, y) èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé.
Óñëîâèÿ y = y0 ïðè x = x0, â ñèëó êîòîðîãî ðåøåíèå y = ϕ(x) ïðèíèìàåò

çàäàííîå çíà÷åíèå y0 â çàäàííîé òî÷êå x0, íàçûâàþò íà÷àëüíûìè óñëîâèÿìè è
çàïèñûâàþò îáû÷íî òàê:

y|x=x0 = y0, èëè y(x0) = y0. (4)

Îòûñêàíèå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåãî çàäàí-
íûì íà÷àëüíûì óñëîâèÿì, íàçûâàåòñÿ çàäà÷åé Êîøè.
Ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ ðåøèòü çàäà÷ó Êîøè � çíà÷èò èç ìíîæåñòâà

èíòåãðàëüíûõ êðèâûõ óðàâíåíèÿ âûäåëèòü òó, êîòîðàÿ ïðîõîäèò ÷åðåç çàäàííóþ
òî÷êó (x0, y0) ïëîñêîñòè Oxy.
Îáùèì ðåøåíèåì óðàâíåíèÿ y′ = f(x, y) â íåêîòîðîé îáëàñòè D íàçûâàåòñÿ

ôóíêöèÿ y = ϕ(x,C), çàâèñÿùàÿ îò x è ïðîèçâîëüíîé ïîñòîÿííîé C, åñëè îíà
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ ïðè ëþáîì çíà÷åíèè ïîñòîÿííîé C è, åñëè ïðè
ëþáûõ íà÷àëüíûõ óñëîâèÿõ y|x=x0 = y0 òàêèõ, ÷òî (x0, y0) ∈ D ñóùåñòâóåò çíà÷å-
íèå ïîñòîÿííîé C = C0 òàêîå, ÷òî ôóíêöèÿ y = ϕ(x,C0) óäîâëåòâîðÿåò äàííûì
íà÷àëüíûì óñëîâèÿì.
×àñòíûì ðåøåíèåì óðàâíåíèÿ y′ = f(x, y) â îáëàñòè D íàçûâàåòñÿ ôóíêöèÿ

y = ϕ(x,C0), êîòîðàÿ ïîëó÷àåòñÿ èç îáùåãî ðåøåíèÿ y = ϕ(x,C) ïðè îïðå-
äåë�åííîì çíà÷åíèè C = C0.
Â ïðîöåññå îòûñêàíèÿ îáùåãî ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íåðåäêî

ïðèõîäèì ê ñîîòíîøåíèþ âèäà Φ(x, y, C) = 0, íå ðàçðåø�åííîìó îòíîñèòåëüíî y.
Â òàêèõ ñëó÷àÿõ îáùåå ðåøåíèå îñòàâëÿåòñÿ â íåÿâíîì âèäå.
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� 3. Ïðîñòåéøèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

1. Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè íàçûâàåòñÿ óðàâíåíèå âèäà

y′ = f(x)g(y) èëè f1(x)g2(y)dx+ f2(x)g1(y)dy = 0. (5)

Ïðèìåð 1. Ðåøèòü óðàâíåíèå x(1− y2)dx− y(1− x2)dy = 0.
Äåëÿ ïî÷ëåííî íà (1− x2) · (1− y2), ïîëó÷èì

x dx

1− x2 −
y dy

1− y2 = 0, èëè
y dy

1− y2 =
x dx

1− x2 .

Çàìåòèì, ÷òî â ëåâîé ÷àñòè ðàâåíñòâà èìååòñÿ òîëüêî ôóíêöèÿ îò y ñ ñîîòâåò-
ñòâóþùèì äèôôåðåíöèàëîì dy, à ñïðàâà � îò x ñ äèôôåðåíöèàëîì dx. Âîò òàêîå

”
ðàñòàñêèâàíèå“ ïåðåìåííûõ è íàçûâàåòñÿ èõ ðàçäåëåíèåì, ÷åì è îáóñëîâëåíî íà-
çâàíèå äàííîãî òèïà óðàâíåíèé. À äàëüøå èíòåãðèðóåì îáå ÷àñòè:∫

y dy

1− y2 =

∫
x dx

1− x2 =⇒ −1

2
ln |1− y2| = −1

2
ln |1− x2|+ C =⇒

=⇒ ln |1− y2| = ln |1− x2| − 2C.

Îáîçíà÷èâ −2C ÷åðåç ln |C1|, C1 6= 0, ïîëó÷àåì, ÷òî

ln |1− y2| = ln |C1(1− x2)|, èëè 1− y2 = C1(1− x2).
Ýòî è åñòü îáùåå ðåøåíèå.
Îáðàòèì âíèìàíèå íà òî, ÷òî ïðè äåëåíèè íà ïðîèçâåäåíèå (1− x2)(1− y2) ìû

ìîæåì ïîòåðÿòü ðåøåíèÿ, îáðàùàþùèå â íóëü ýòî ïðîèçâåäåíèå, òî åñòü, y = ±1 è
x = ±1. Íåïîñðåäñòâåííîé ïîäñòàíîâêîé â óðàâíåíèå y = ±1, dy = 0 èëè x = ±1,
dx = 0 óáåæäàåìñÿ, ÷òî ýòè ôóíêöèè ÿâëÿþòñÿ ðåøåíèÿìè íàøåãî èñõîäíîãî
óðàâíåíèÿ; y = ±1 ìîæíî ïîëó÷èòü èç îáùåãî ðåøåíèÿ, ïîëàãàÿ ôîðìàëüíî, ÷òî
C1 = 0.
Îòâåò: 1− y2 = C1(1− x2), x = ±1.
Ïðèìåð 2. Íàéòè ÷àñòíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (x2 + 4)y′−
− 2xy = 0, óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèÿþ y(1) = 5.
Ñíà÷àëà íàéä�åì îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ.

(x2 + 4)
dy

dx
− 2xy = 0 =⇒ (x2 + 4)dy = 2xydx =⇒ dy

y
=

2xdx

x2 + 4
=⇒

=⇒
∫
dy

y
=

∫
2xdx

x2 + 4
=⇒ ln |y| = ln(x2 + 4) + ln |C|, C 6= 0 =⇒

=⇒ y = C(x2 + 4), C 6= 0

Ïðè ðàçäåëåíèè ïåðåìåííûõ ìû äåëèëè îáå ÷àñòè óðàâíåíèÿ íà y(x2 + 4). Ýòî
âûðàæåíèå îáðàùàåòñÿ â 0 ïðè y = 0. Î÷åâèäíî, ÷òî y = 0 ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ, íå âõîäÿùèì â îáùåå ðåøåíèå (èç-çà óñëîâèÿ C 6= 0). Íî åãî ìîæíî
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ïîëó÷èòü èç îáùåãî ðåøåíèÿ, åñëè ôîðìàëüíî ïîäñòàâèòü â íåãî C = 0, òàê ÷òî
óñëîâèå C 6= 0 â îáùåì ðåøåíèè â äåéñòâèòåëüíîñòè íå íóæíî.
Íàéä�åì ÷àñòíîå ðåøåíèå. Äëÿ ýòîãî â îáùåå ðåøåíèå âìåñòî x ïîäñòàâèì 1, à

âìåñòî y � ÷èñëî 5. Òîãäà 5 = C(12 + 4) =⇒ C = 1. Ïîëó÷àåì èñêîìîå ÷àñòíîå
ðåøåíèå y = x2 + 4.
Îòâåò: y = x2 + 4.

2. Îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Ôóíêöèÿ f(x, y) íàçûâàåòñÿ îäíîðîäíîé ôóíêöèåé k-ãî èçìåðåíèÿ (èëè ïîðÿäêà)
îòíîñèòåëüíî ïåðåìåííûõ x è y, åñëè ïðè ëþáîì λ 6= 0 ñïðàâåäëèâî òîæäåñòâî

f(λx, λy) = λkf(x, y) (6)

(åñëè ýòî âåðíî òîëüêî ïðè λ > 0, òî ôóíêöèÿ íàçûâàåòñÿ ïîëîæèòåëüíî îäíî-

ðîäíîé).
Íàïðèìåð, ôóíêöèÿ f(x, y) = x2 + 2xy + 3y2 � îäíîðîäíàÿ ôóíêöèÿ âòîðîãî

ïîðÿäêà, òàê êàê

f(λx, λy) = (λx)2 + 2 · λx · λy + 3(λy)2 = λ2(x2 + 2xy + 3y2) = λ2f(x, y), k = 2.

Óðàâíåíèå ïåðâîãî ïîðÿäêà
y′ = f(x, y) (7)

íàçûâàåòñÿ îäíîðîäíûì îòíîñèòåëüíî x è y, åñëè ôóíêöèÿ f(x, y) åñòü îäíîðîä-
íàÿ ôóíêöèÿ íóëåâîãî èçìåðåíèÿ îòíîñèòåëüíî x è y.
Óðàâíåíèå

M(x, y)dx+N(x, y)dy = 0 (8)

íàçûâàåòñÿ îäíîðîäíûì îòíîñèòåëüíî x è y, åñëè ôóíêöèè M(x, y) è N(x, y) �
îäíîðîäíûå îäèíàêîâîãî èçìåðåíèÿ.
Àíàëîãè÷íî îïðåäåëÿþòñÿ ïîëîæèòåëüíî îäíîðîäíûå óðàâíåíèÿ. Ïîëîæèòåëü-

íî îäíîðîäíûå óðàâíåíèÿ ðåøàþòñÿ òàê æå, êàê îäíîðîäíûå, íî íóæíî îòäåëüíî
ðàññìàòðèâàòü ñëó÷àè x > 0 è x < 0.
Óðàâíåíèå (8) ìîæåò èìåòü ðåøåíèå x = 0 (ïðîâåðÿåòñÿ ïîäñòàíîâêîé x = 0 è

dx = 0 â óðàâíåíèå; óðàâíåíèå (7) íå ìîæåò èìåòü ðåøåíèé âèäà x = Const, òàê
êàê íåëüçÿ îïðåäåëèòü ïðîèçâîäíóþ ïî ïîñòîÿííîé âåëè÷èíå).
Îäíîðîäíîå (è ïîëîæèòåëüíî îäíîðîäíîå) óðàâíåíèå ïðåîáðàçóåòñÿ â óðàâíå-

íèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, åñëè ââåñòè íîâóþ íåèçâåñòíóþ ôóíêöèþ z
ïîäñòàíîâêîé

y = xz, y′ = xz′ + z, dy = x dz + z dx. (9)

Ïðèìåð 3. Ðåøèòü çàäà÷ó Êîøè: (x+ y)dx+ xdy = 0, y|x=1 = −3.
Â ýòîì óðàâíåíèè ôóíêöèè M(x, y) = x + y è N(x, y) = x ÿâëÿþòñÿ îäíî-

ðîäíûìè ôóíêöèÿìè îäèíàêîâîãî (ïåðâîãî) èçìåðåíèÿ: M(λx, λy) = λx + λy =
= λ(x+y) = λM(x, y) è N(λx, λy) = λx = λN(x, y). Ïîýòîìó çàäàííîå óðàâíåíèå
� îäíîðîäíîå.
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Íàéä�åì îáùåå ðåøåíèå. Ïîäñòàâëÿÿ âûðàæåíèÿ (9) â çàäàííîå óðàâíåíèå, ïî-
ëó÷èì

(x+ xz)dx+ x(x dz + z dx) = 0 =⇒ x dx+ xz dx+ x2dz + xz dx = 0 =⇒

=⇒ x2dz = −2xz dx− x dx =⇒ x2dz = −2x

(
z +

1

2

)
dx.

Ïîëó÷èëîñü óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïðåðìåííûìè. Ðàçäåëèâ åãî íà
x2
(
z + 1

2

)
, ïîëó÷èì

dz

z + 1
2

= −2
dx

x
=⇒

∫
dz

z + 1
2

= −2

∫
dx

x
=⇒

=⇒ ln

∣∣∣∣z +
1

2

∣∣∣∣ = −2 ln |x|+ ln |C|, C 6= 0 =⇒

=⇒ z +
1

2
=
C

x2
, C 6= 0 =⇒ z =

C

x2
− 1

2
, C 6= 0.

Ïðè äåëåíèè íà x2
(
z + 1

2

)
ìû ìîãëè ïîòåðÿòü ðåøåíèÿ z+ 1

2 = 0, òî åñòü, z = −1
2 ,

è x = 0. Ïîäñòàíîâêîé x = 0, dx = 0 èëè z = −1
2 , dz = 0 â óðàâíåíèå x2dz =

= −2x
(
z + 1

2

)
dx óáåæäàåìñÿ, ÷òî îáå ôóíêöèè ÿâëÿþòñÿ ðåøåíèÿìè. Ðåøåíèå

z = −1
2 ïîëó÷àåòñÿ èç îáùåãî ðåøåíèÿ ïðè C = 0.

Èñïîëüçóÿ ïåðâîå èç ñîîòíîøåíèé (9), ïîëó÷èì îáùåå ðåøåíèå çàäàííîãî óðàâ-
íåíèÿ â âèäå y = C

x − x
2 . Òàê êàê çàäàííîå óðàâíåíèå èìååò âèä (8), îíî ìîæåò

èìåòü ðåøåíèå x = 0. Ïîäñòàâëÿÿ â ýòî óðàâíåíèå x = 0, dx = 0, âèäèì, ÷òî
ýòî äåéñòâèòåëüíî ðåøåíèå (îäíàêî îíî íå óäîâëåòâîðÿåò çàäàííîìó íà÷àëüíîìó
óñëîâèþ x = 1).
Íàéä�åì ÷àñòíîå ðåøåíèå, èñïîëüçóÿ çàäàííîå íà÷àëüíîå óñëîâèå y|x=1 = −3.

Ïîäñòàâëÿÿ â îáùåå ðåøåíèå x = 1, y = −3, ïîëó÷èì −3 = C
1 − 1

2 , îòêóäà C = −5
2 .

Ïîýòîìó èñêîìîå ÷àñòíîå ðåøåíèå åñòü y = − 5
x − x

2 = −5+x2

2x .

Îòâåò: y = −5+x2

2x .
Ïðèìåð 4. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ 2xyy′+ x2− 3y2 = 0, óäîâëåòâî-

ðÿþùåå óñëîâèþ y(2) = 1.
Ðåøèì óðàâíåíèå îòíîñèòåëüíî y′:

y′ =
3y2 − x2

2xy
.

Ïðîâåðèì åãî íà îäíîðîäíîñòü: f(x, y) = 3y2−x2
2xy , ïîýòîìó

f(λx, λy) =
3(λy)2 − (λx)2

2 · λx · λy =
λ2(3y2 − x2)

2λ2xy
=

3y2 − x2
2xy

= f(x, y),

òî åñòü, ôóíêöèÿ f(x, y) ÿâëÿåòñÿ îäíîðîäíîé íóëåâîãî èçìåðåíèÿ. Ñëåäîâàòåëü-
íî, çàäàííîå óðàâíåíèå � îäíîðîäíîå.
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Ïîäñòàâëÿåì â óðàâíåíèå âûðàæåíèÿ (9). Ïîëó÷àåì

z′x+ z =
3x2z2 − x2

2x · xz =⇒ x
dz

dx
=

3z2 − 1

2z
− z =⇒ x

dz

dx
=
z2 − 1

2z
=⇒ 2z dz

z2 − 1
=
dx

x
.

Ïîëó÷èëè óðàâíåíèå ñ ðàçäåë�åííûìè ïåðåìåííûìè. Èíòåãðèðóåì:∫
2z dz

z2 − 1
=

∫
dx

x
=⇒ ln |z2 − 1| = ln |x|+ ln |C|, C 6= 0 =⇒ z2 − 1 = Cx, C 6= 0.

Ïðè ðàçäåëåíèè ïåðåìåííûõ ïðèøëîñü äåëèòü íà x(z2−1), ïîýòîìó ìîãëè ïîòå-
ðÿòüñÿ ðåøåíèÿ z2− 1 = 0, òî åñòü, z = ±1, è x = 0. Âòîðàÿ ôóíêöèÿ íå ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ, òàê êàê â í�åì x ÿâëÿåòñÿ íåçàâèñèìîé ïåðåìåííîé è íå ìî-
æåò áûòü ïîñòîÿííîé, à z = ±1 ÿâëÿþòñÿ ðåøåíèÿìè è ïîëó÷àþòñÿ èç îáùåãî
ðåøåíèÿ ïðè C = 0.
Èç ïåðâîãî ðàâåíñòâà (9) íàõîäèì z = y

x . Ïîäñòàâëÿÿ ýòî â îáùåå ðåøåíèå,

ïîëó÷èì y2

x2 − 1 = Cx. Âûðàæàÿ îòñþäà y, íàéä�åì îáùåå ðåøåíèå â âèäå y =

= ±x
√

1 + Cx.
×òîáû íàéòè ÷àñòíîå ðåøåíèå, ïîäñòàâëÿåì â îáùåå ðåøåíèå íà÷àëüíûå çíà÷å-

íèÿ x = 2, y = 1: 1 = ±2
√

1 + 2C. Îòñþäà âèäèì, ÷òî ïåðåä êîðíåì íàäî âçÿòü

çíàê
”
+“, è ÷òî C = −3

8 . Ïîýòîìó èñêîìîå ÷àñòíîå ðåøåíèå åñòü y = x
√

1− 3
8x.

Îòâåò: y = x
√

1− 3
8x.

Çàìå÷àíèå. Â ïîñëåäíåì ïðèìåðå íàéäåííîå ÷àñòíîå ðåøåíèå ÿâëÿåòñÿ åäèí-
ñòâåííûì òîëüêî ïðè 0 6 x < 8

3 . Â îáëàñòü x < 0 åãî ìîæíî ïðîäîëæèòü ëþáûì

ðåøåíèåì âèäà y = x
√

1 + Cx (íà âñþ ïîëóîñü x < 0 ïðè C 6 0, èëè íà èíòåðâàë
− 1
C < x < 0 ïðè C > 0).

3. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

y′ + p(x)y = q(x), (10)

ãäå p(x) è q(x) � çàäàííûå ôóíêöèè, íàçûâàåòñÿ ëèíåéíûì.
Åñëè ôóíêöèÿ q(x) ≡ 0, òî óðàâíåíèå ïðèíèìàåò âèä

y′ + p(x)y = 0 (11)

è íàçûâàåòñÿ îäíîðîäíûì ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèåì. Îíî ÿâëÿ-
åòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.
Îáùåå ðåøåíèå óðàâíåíèÿ (10) ìîæíî ñðàçó íàéòè ïî ôîðìóëå

y = e−
∫
p(x)dx

(∫
q(x)e

∫
p(x)dxdx+ C

)
(12)

(çäåñü ïîä
∫
p(x)dx ïîäðàçóìåâàåòñÿ ëþáàÿ ïåðâîîáðàçíàÿ ôóíêöèè p(x), îäíà è

òà æå â îáîèõ ñëó÷àÿõ).
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Åñëè èìåþòñÿ íà÷àëüíûå óñëîâèÿ y(x0) = y0, òî ðåøåíèå çàäà÷è Êîøè áóäåò
èìåòü âèä

y = e
−

x∫
x0

p(t)dt




x∫

x0

q(τ)e

τ∫
x0

p(t)dt

dτ + y0


 . (13)

Ïðèìåð 5. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ xy′ + 2y = x2.
Ïåðåïèøåì èñõîäíîå óðàâíåíèå â âèäå y′ + 2

xy = x. Ýòî ëèíåéíîå óðàâíåíèå
(îïðåäåëÿåì ïðîñòî âèçóàëüíî) ñ p(x) = 2

x è q(x) = x. Ïî ôîðìóëå (12) ïîëó÷àåì

y = e−
∫

2
xdx

(∫
xe
∫

2
xdxdx+ C

)
= e−2 ln |x|

(∫
xe2 ln |x|dx+ C

)
=

=
1

x2

(∫
x3dx+ C

)
=

1

x2

(
x4

4
+ C

)
=
x2

4
+
C

x2
.

Îòâåò: y = x2

4 + C
x2 .

Ïðèìåð 6. Ðåøèòü çàäà÷ó Êîøè: y′ = 2y + ex − x, y(0) = 1
4 .

Ïåðåïèøåì óðàâíåíèå â âèäå y′− 2y = ex + x. Îíî ÿâëÿåòñÿ ëèíåéíûì ñ p(x) =
−2 è q(x) = ex + x. Ïî ôîðìóëå (13) ïîëó÷àåì

y = e
−

x∫
0

2dt




x∫

0

(eτ + τ)e

τ∫
0

2dt
dτ +

1

4


 = e−2t|

x
0




x∫

0

(eτ + τ)e2t|
τ
0dτ +

1

4


 =

= e−2x




x∫

0

(eτ + τ)e2τdτ +
1

4


 = e−2x




x∫

0

(e3τ + e2ττ)dτ +
1

4


 =

= e−2x
((

e3τ

3
+
τe2τ

2
− e2τ

4

)∣∣∣∣
x

0

+
1

4

)
=

= e−2x
(
e3x

3
+
xe2x

2
− e2x

4
− 1

3
+

1

4
+

1

4

)
=
ex

3
+
x

2
− 1

4
+
e−2x

6
.

Îòâåò: y = 1
12(4ex + 6x− 3 + 2e−2x).

Êðîìå ýòîãî ìåòîäà, äëÿ ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ìîæíî ïðèìåíèòü ïîäñòàíîâêó Áåðíóëëè

y = uv, y′ = u′v + uv′, (14)

ãäå u = u(x) è v = v(x) � äâå íîâûå íåèçâåñòíûå ôóíêöèè. Ïîäñòàâëÿÿ (14) â
óðàâíåíèå (11), ïîëó÷èì u′v+ uv′+ p(x)uv = q(x), èëè (u′+ p(x)u)v+ uv′ = q(x).
Òàê êàê íåèçâåñòíûõ ôóíêöèé äâå, à óðàâíåíèå òîëüêî îäíî, ìû ìîæåì îäíó èç
ôóíêöèé çàäàòü ïðîèçâîëüíî, à äðóãóþ íàéòè èç óðàâíåíèÿ. Óäîáíî ïîòðåáîâàòü,
÷òîáû ôóíêöèÿ u 6≡ 0 óäîâëåòâîðÿëà óñëîâèþ u′ + p(x)u = 0, òîãäà èç óðàâíå-
íèÿ ïîëó÷èì, ÷òî uv′ = q(x). Â ðåçóëüòàòå èñõîäíîå ëèíåéíîå äèôôåðåíöèàëüíîå
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óðàâíåíèå (11) ñâîäèòñÿ ê ñèñòåìå äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçäå-
ëÿþùèìèñÿ ïåðåìåííûìè: {

u′ + p(x)u = 0,

uv′ = q(x).
(15)

Ïðèìåð 7. Ðåøèòü ëèíåéíîå óðàâíåíèå y′ + y tg x = 1
cosx ìåòîäîì Áåðíóëëè.

Ïîëàãàåì y = uv è ïîëó÷àåì ñèñòåìó óðàâíåíèé:{
u′ + u tg x = 0,

uv′ = 1
cosx .

.
Ðåøàåì ïåðâîå óðàâíåíèå.

du

dx
= −u tg x =⇒ du

u
= − tg xdx =⇒

∫
du

u
= −

∫
tg xdx =⇒

=⇒ ln |u| = ln | cosx| =⇒ u = cosx

Çàìåòèì, ÷òî â ýòîì ñëó÷àå ïðè èíòåãðèðîâàíèè êîíñòàíòó C íå ïðèáàâëÿåì,
òàê êàê íàì íóæíà òîëüêî îäíà ôóíêöèÿ u 6≡ 0.
Ðåøàåì âòîðîå óðàâíåíèå.

uv′ =
1

cosx
=⇒ cosx

dv

dx
=

1

cosx
=⇒ dv =

1

cos2 x
=⇒

∫
dv =

∫
dx

cos2 x
=⇒

=⇒ v = tg x+ C

Èòàê, y = uv = cosx(tg x+ C) = sin x+ C cosx.
Îòâåò: y = sinx+ C cosx.
Ïðèìåð 8. Ðåøèòü çàäà÷ó Êîøè: y′ − y

x lnx = x lnx, y(e) = e2.
Ïîäñòàâëÿÿ y = uv, ïîëó÷èì ñèñòåìó{

u′ + u
x lnx = 0,

uv′ = x lnx.
.

Ðåøàåì ïåðâîå óðàâíåíèå.

du

dx
=

u

x lnx
=⇒ du

u
=

dx

x lnx
=⇒

∫
du

u
=

∫
dx

x lnx
=⇒ ln |u| = ln | lnx| =⇒

=⇒ u = lnx

Ðåøàåì âòîðîå óðàâíåíèå.

uv′ = x lnx =⇒ lnx
dv

dx
= x lnx =⇒ dv = x dx =⇒

∫
dv =

∫
x dx =⇒

=⇒ v =
x2

2
+ C

Òåïåðü íàõîäèì îáùåå ðåøåíèå: y = uv = lnx
(
x2

2 + C
)
.
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×òîáû íàéòè ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå çàäàííûì íà÷àëüíûì óñëîâè-
ÿì, ïîäñòàâèì â îáùåå ðåãøåíèå íà÷àëüíûå çíà÷åíèÿ x = e, y = e2:

e2 = ln e

(
e2

2
+ C

)
=⇒ C =

e2

2
=⇒ y =

1

2
(x2 + e2) lnx.

Îòâåò: y = 1
2(x2 + e2) lnx.

� 4. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà (1). Áóäåì ïðåäïîëà-
ãàòü, ÷òî ýòî óðàâíåíèå ìîæíî ðàçðåøèòü îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé:

y(n) = f
(
x, y, y′, . . . , y(n−1)

)
(16)

(ðåøåíèé ìîæåò áûòü áîëüøå îäíîãî, òîãäà óðàâíåíèå (1) ðàñïàäàåòñÿ íà íåñêîëü-
êî óðàâíåíèé âèäà (16)).
Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (16) ñòàâèòñÿ ñëåäóþùèì îáðàçîì: íàéòè ðåøåíèå

y = y(x) óðàâíåíèÿ (16), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

y|x=x0 = y0, y
′|x=x0 = y′0, y

′′|x=x0 = y′′0 , . . . , y
(n−1)|x=x0 = y

(n−1)
0 , (17)

ãäå x0, y0, y
′
0, y

′′
0 ,. . . , y

(n−1)
0 � çàäàííûå ÷èñëà.

Îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà íàçûâàåòñÿ
ôóíêöèÿ y = ϕ(x,C1, C2, . . . , Cn), çàâèñÿùàÿ îò x è n ïðîèçâîëüíûõ ïîñòî-
ÿííûõ C1, C2, . . . , Cn òàêàÿ, ÷òî, âî-ïåðâûõ, óäîâëåòâîðÿåò óðàâíåíèþ ïðè ëþ-
áûõ çíà÷åíèÿõ C1, C2, . . . , Cn è, âî-âòîðûõ, ïðè çàäàííûõ íà÷àëüíûõ óñëîâèÿõ

y(x0) = y0, y
′(x0) = y′0, . . . , y

(n−1)(x0) = y
(n−1)
0 ïîñòîÿííûå C1, C2, . . . , Cn ìîæíî

ïîäîáðàòü òàê, ÷òî ôóíêöèÿ y = ϕ(x,C1, C2, . . . , Cn) áóäåò óäîâëåòâîðÿòü äàííûì
óñëîâèÿì.
Ñîîòíîøåíèå âèäà Φ(x,C1, C2, . . . , Cn) = 0, íåÿâíî îïðåäåëÿþùåå îáùåå ðåøå-

íèå, íàçûâàåòñÿ îáùèì èíòåãðàëîì.
Âñÿêàÿ ôóíêöèÿ, ïîëó÷àþùàÿñÿ èç îáùåãî ðåøåíèÿ ïðè êîíêðåòíûõ çíà÷åíèÿõ

ïîñòîÿííûõ C1, C2, . . . , Cn, íàçûâàåòñÿ ÷àñòíûì ðåøåíèåì.

� 5. Ïðîñòåéøèå äèôôåðåíöèàëüíûå óðàâíåíèÿ, äîïóñêàþùèå
ïîíèæåíèå ïîðÿäêà.

1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà y(n) = f(x).

Ïîñëåäîâàòåëüíî èíòåãðèðóÿ, ïîëó÷èì
y(n−1) =

∫
f(x)dx+ C1,

y(n−2) =
∫ (∫

f(x)dx
)
dx+ C1x+ C2,

y(n−3) =
∫ (∫ (∫

f(x)dx
)
dx
)
dx+ C1

2 x
2 + C2x+ C3,

...
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y =
∫ (

. . .
(∫ (∫ (∫

f(x)dx
)
dx
)
dx
)
. . .
)
dx︸ ︷︷ ︸

n èíòåãðàëîâ

+ C1

(n−1)!x
n−1 + C2

(n−2)!x
n−2 + C3

(n−3)!x
n−3 +

+ . . .+ Cn.
Ïðèìåð 9. Ðåøèòü óðàâíåíèå y′′ = sin 2x.
Äâàæäû èíòåãðèðóåì:

y′ =
∫

sin 2x dx = −1
2 cos 2x+ C1,

y =
∫ (
−1

2 cos 2x+ C1

)
dx = −1

4 sin 2x+ C1x+ C2.
Îòâåò: y = −1

4 sin 2x+ C1x+ C2.
Ïðèìåð 10. Ðåøèòü çàäà÷ó Êîøè: y′′ = x2, y(0) = 4, y′(0) = −5.
Èíòåãðèðóåì ïåðâûé ðàç:

y′ =
∫
x2dx = x3

3 + C1.
Ïîäñòàâëÿåì íà÷àëüíûå çíà÷åíèÿ x = 0 è y′ = −5:
−5 = 03

3 + C1 =⇒ C1 = −5 =⇒ y′ = x3

3 − 5.
Èíòåãðèðóåì âòîðîé ðàç:

y′ =
∫ (

x3

3 − 5
)
dx = x4

12 − 5x+ C2.

Ïîäñòàâëÿåì íà÷àëüíûå çíà÷åíèÿ x = 0 è y = 4:
4 = 04

12 − 5 · 0 + C2 =⇒ C2 = 4 =⇒ y = x4

12 − 5x+ 4.

Îòâåò: y = x4

12 − 5x+ 4.

2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ, íå ñîäåðæàùèå â ÿâíîì âèäå
íåèçâåñòíóþ ôóíêöèþ.

Óðàâíåíèå èìååò âèä
F
(
x, y′, y′′, . . . , y(n)

)
. (18)

Ïîðÿäîê òàêîãî óðàâíåíèÿ ìîæíî ïîíèçèòü íà åäèíèöó, ïðèíÿâ çà íîâóþ íåèç-
âåñòíóþ ôóíêöèþ z = y′. Òîãäà y′′ = z′, y′′′ = z′′,. . . , y(n) = z(n−1).
Ïðèìåð 11. Ðåøèòü óðàâíåíèå (1 + x2)y′′ − 2xy′ = 0.
Óðàâíåíèå íå ñîäåðæèò y â ñâîåé çàïèñè. Ïîëàãàåì y′ = z, òîãäà y′′ = z′. Óðàâ-

íåíèå ïðèìåò âèä:(1 + x2)z′ − 2xz = 0. Ïîëó÷èëè óðàâíåíèå ïåðâîãî ïîðÿäêà (â
äàííîì ñëó÷àå � ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè). Ðåøàåì åãî.

(1 + x2)
dz

dx
= 2xz =⇒ dz

z
=

2xdx

1 + x2
=⇒

∫
dz

z
=

∫
2xdx

1 + x2
=⇒

=⇒ ln |z| = ln(1 + x2) + ln |C1| =⇒ z = C1(1 + x2)

Ðàçäåëÿÿ ïåðåìåííûå, ìû äåëèëè íà z, ïîýòîìó ìîãëè ïîòåðÿòü ðåøåíèå z = 0
(ïðîâåðÿåòñÿ ïîäñòàíîâêîé). Ýòî ðåøåíèå ïîëó÷àåòñÿ èç îáùåãî ïðè C1 = 0.
Òåïåðü âñïîìèíàåì, ÷òî z = y′, è ïîëó÷àåì

y′ = C1(1 + x2) =⇒ y = C1

∫
(1 + x2)dx+ 2 =⇒ y = C1

(
x+

x3

3

)
+ C2.

Îòâåò: y = C1

(
x+ x3

3

)
+ C2.
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Çàìå÷àíèå. Åñëè óðàâíåíèå íå ñîäåðæèò â ÿâíîì âèäå íå òîëüêî íåèçâåñòíóþ
ôóíêöèþ y, íî è å�å ïðîèçâîäíûå y′, y′′,. . . ,y(k−1) ïîðÿäêà, ìåíüøåãî k, òî ïîðÿäîê
óðàâíåíèÿ ìîæíî ïîíèçèòü íà k åäèíèö, ïðèíÿâ â êà÷åñòâå íîâîé íåèçâåñòíîé
ôóíêöèè z = y(k).

3. Äèôôåðåíöèàëüíûå óðàâíåíèÿ, íå ñîäåðæàùèå â ÿâíîì âèäå
íåçàâèñèìóþ ïåðåìåííóþ.

Óðàâíåíèå èìååò âèä
F
(
y, y′, y′′, . . . , y(n)

)
= 0. (19)

Ïîðÿäîê òàêîãî óðàâíåíèÿ ìîæíî ïîíèçèòü íà åäèíèöó, åñëè â êà÷åñòâå íîâîé
íåçàâèñèìîé ïåðåìåííîé ïðèíÿòü y, à â êà÷åñòâå íîâîé íåèçâåñòíîé ôóíêöèè �
p = y′ = dy

dx . Èñïîëüçóÿ ôîðìóëó ïðîèçâîäíîé ñëîæíîé ôóíêöèè, íàõîäèì äàëåå

y′′ = dy′

dx = dp
dy

dy
dx = pdpdy ,

y′′′ = dy′′

dx = d
dy

(
pdpdy

)
dy
dx = p

(
pd

2p
dy2 +

(
dp
dy

)2)
,

. . .
Ïðèíèìàÿ y çà íåçàâèñèìóþ ïåðåìåííóþ, ìû òåðÿåì ðåøåíèÿ âèäà y = C, òàê

êàê íåçàâèñèìàÿ ïåðåìåííàÿ íå ìîæåò èìåòü ïîñòîÿííîå çíà÷åíèå. ×òîáû íàéòè
ýòè ðåøåíèÿ, íóæíî ïîäñòàâèòü â óðàâíåíèå (19) y = C, y′ = y′′ = . . . = y(n) = 0.
Ïðèìåð 12. Ðåøèòü óðàâíåíèå yy′′ − (y′)2 = y2y′.
Ýòî óðàâíåíèå íå ñîäåðæèò x ÿâíî. Ïîëàãàåì y′ = p(y), y′′ = pdpdy .

yp
dp

dy
− p2 = y2p =⇒ y

dp

dy
− p = y2 =⇒ dp

dy
− p

y
= y

Ïîëó÷èëè ëèíåéíîå óðàâíåíèå. Ðåøàåì åãî ñ ïîìîùüþ ïîäñòàíîâêè Áåðíóëëè
(14): p = uv, dpdy = du

dyv + udvdy .

du

dy
v + u

dv

dy
− uv

y
= y =⇒ v

(
du

dy
− u

y

)
+ u

dv

dy
= y =⇒

{
du
dy − u

y = 0

udvdy = y
.
Ðåøàåì ïåðâîå óðàâíåíèå:

du

dy
− u

y
= 0 =⇒ du

u
=
dy

y
=⇒

∫
du

u
=

∫
dy

y
=⇒ ln |u| = ln |y| =⇒ u = y.

Ðåøàåì âòîðîå óðàâíåíèå:

u
dv

dy
= y =⇒ y

dv

dy
= y =⇒ dv = dy =⇒

∫
dv =

∫
dy + C1 =⇒ v = y + C1.

Íàêîíåö, ïîëó÷àåì p = uv = y(y + C1). Âñïîìèíàÿ, ÷òî p = y′, ïîëó÷àåì
óðàâíåíèå y′ = y(y + C1). Ýòî � óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

dy

dx
= y(y + C1) =⇒ dy

y(y + C1)
= dx =⇒

∫
dy

y(y + C1)
=

∫
dx+ C2 =⇒
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=⇒
∫

dy

y(y + C1)
= x+ C.

Åñëè C1 = 0, òî ïîëó÷àåì∫
dy

y2
= x+ C =⇒ −1

y
= x+ C =⇒ y = − 1

x+ C
.

Åñëè C1 6= 0, òî, óìíîæàÿ îáå ÷àñòè óðàâíåíèÿ íà C1, ïîëó÷èì∫
C1dy

y(y + C1)
= C1(x+ C) =⇒

∫
(y + C1)− y
y(y + C1)

dy = C1(x+ C) =⇒

=⇒
∫ (

1

y
− 1

y + C1

)
dy = C1(x+ C) =⇒ ln |y| − ln |y + C1| = C1x+ C1C.

Îáîçíà÷èì ln |C2| = C1C. Ïîëó÷àåì îáùåå ðåøåíèå:

ln

∣∣∣∣
y

y + C1

∣∣∣∣ = C1x+ ln |C2| =⇒
y

y + C1
= C2e

C1x =⇒ y =
C1C2e

C1x

1− C2eC1x
.

Ïðèíèìàÿ y çà íåçàâèñèìóþ ïåðåìåííóþ, ìû ìîãëè ïîòåðÿòü ðåøåíèÿ âèäà y =
C. Ïîäñòàâëÿÿ y = C, y′ = y′′ = 0 â çàäàííîå óðàâíåíèå, âèäèì, ÷òî ïîñòîÿííàÿ
ôóíêöèÿ y = C ïðè ëþáîì C ÿâëÿåòñÿ ðåøåíèåì.
Îòâåò: y = C1C2e

C1x

1−C2eC1x
, y = − 1

x+C , y = C.

Ïðèìåð 13. Íàéòè ðåøåíèå óðàâíåíèÿ yy′′ = (y′)2 − (y′)3, óäîâëåòâîðÿþùåå
íà÷àëüíûì óñëîâèÿì y(1) = 1, y′(1) = −1.
Ïîëîæèì y′ = p(y) =⇒ y′′ = p′p. Ïîëó÷èì óðàâíåíèå ïåðâîãî ïîðÿäêà ñ ðàçäå-

ëÿþùèìèñÿ ïåðåìåííûìè:

yp′p = p2 − p3 =⇒ y
dp

dy
= p(1− p) =⇒ dp

p(1− p) =
dy

y
=⇒

∫
dp

p(1− p) =

∫
dy

y
=⇒

=⇒ ln

∣∣∣∣
p

1− p

∣∣∣∣ = ln |C1y| =⇒
p

1− p = C1y =⇒ y′

1− y′ = C1y.

Ïðè äåëåíèè íà p(1− p) ìîãëè ïîòåðÿòü ðåøåíèÿ p = 0 è p = 1, ÷òî äà¸ò y′ = 0
è y′ = 1. Îáà ýòèõ ðåøåíèÿ íå óäîâëåòâîðÿþò íà÷àëüíîìó óñëîâèþ y′(1) = −1,
ïîýòîìó èõ äàëåå íå ðàññìàòðèâàåì.
Íàéä�åì çíà÷åíèå C1, èñïîëüçóÿ íà÷àëüíûå óñëîâèå y

′(1) = −1 è y(1) = 1:

−1

1 + 1
= C1 · 1 =⇒ C1 = −1

2
.

Ïîäñòàâëÿÿ â îáùåå ðåøåíèå C1 = −1
2 è p = y′, ïîëó÷èì

y′

1− y′ = −1

2
y =⇒ 2y′ = yy′ − y =⇒ (2− y)y′ = −y′ =⇒ (y − 2)

dy

dx
= y.
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Ïîëó÷èëîñü óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ðàçäåëÿÿ ïåðåìåííûå,
íàõîäèì

y − 2

y
dy = dx =⇒

∫ (
1− 2

y

)
dy =

∫
dx =⇒ y − 2 ln |y| = x+ C2.

Ïîäñòàâëÿåì íà÷àëüíûå çíà÷åíèÿ x = 1, y = 1:

1− 2 ln 1 = 1 + C2 =⇒ C2 = 0 =⇒ y − 2 ln |y| = x.

Ýòà ôîðìóëà íà ñàìîì äåëå îïðåäåëÿåò òðè ðåøåíèÿ:
y − 2 ln(−y) = x ïðè −∞ < x < +∞, y < 0;
y − 2 ln y = x ïðè 2(1− ln 2) < x < +∞, y > 2;
y − 2 ln y = x ïðè 2(1− ln 2) < x < +∞, 0 < y < 2.
Íà÷àëüíûì óñëîâèÿì óäîâëåòâîðÿåò òîëüêî òðåòüå èç íèõ.

Ðåøåíèÿ âèäà y = C íå óäîâëåòâîðÿþò íà÷àëüíîìó óñëîâèþ y′(1) = −1.
Îòâåò: x = y − 2 ln y, 0 < y < 2.

� 6. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

1. Îäíîðîäíûå óðàâíåíèÿ.

Ëèíåéíîå îäíîðîäíîå óðàâíåíèå 2-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
èìååò âèä

ay′′ + by′ + cy = 0, (20)

ãäå a, b, c � çàäàííûå ÷èñëà, a 6= 0.
Êâàäðàòíîå óðàâíåíèå

ak2 + bk + c = 0 (21)

íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì óðàâíåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ
(20).
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå â îáëàñòè êîìïëåêñíûõ ÷èñåë âñåãäà èìååò äâà
êîðíÿ k1 è k2 ñ ó÷�åòîì êðàòíîñòè. Â çàâèñèìîñòè îò çíàêà äèñêðèìèíàíòà êâàä-
ðàòíîãî óðàâíåíèÿ îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ çàïèñûâàåòñÿ â îäíîì èç
ñëåäóþùèõ òð�åõ âèäîâ:
1. y = C1e

k1x + C2e
k2x, åñëè k1 è k2 äåéñòâèòåëüíû è ðàçëè÷íû (k1 6= k2);

2. y = C1e
kx + C2xe

kx, åñëè k1 = k2 = k;
3. y = eαx (C1 cos βx+ C2 sin βx), åñëè k1,2 = α± βi.
Ïðèìåð 14. Ðåøèòü óðàâíåíèå y′′ − 3y′ + 2y = 0.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä k2 − 3k + 2 = 0, åãî êîðíè k1 = 1,

k2 = 2.
Îòâåò: y = C1e

x + C2e
2x.

Ïðèìåð 15. Ðåøèòü óðàâíåíèå 9y′′ + 42y′ + 49y = 0.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä 9k2 + 42k + 49 = 0, åãî êîðíè k1 =

= k2 = −7
3 .

Îòâåò: y = C1e
− 7

3x + C2xe
− 7

3x.
Ïðèìåð 16. Ðåøèòü óðàâíåíèå y′′ + y′ + y = 0.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä k2 + k + 1 = 0, åãî êîðíè k1,2 =

= −1
2 ±

√
3
2 i.

Îòâåò: y = e−
1
2x

(
C1 cos

√
3

2
x+ C2 sin

√
3

2
x

)
.

Ïðèìåð 17. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y′′− y′−6y = 0 ïðè íà÷àëüíûõ
óñëîâèÿõ y(0) = 4, y′(0) = −1.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä k2 − k − 6 = 0, åãî êîðíè k1 = −2,

k2 = 3. Îáùåå ðåøåíèå èìååò âèä y = C1e
−2x + C2e

3x. Íàéä�åì ïðîèçâîäíóþ îò
îáùåãî ðåøåíèÿ: y′ = −2C1e

−2x + 3C2e
3x. Ïîäñòàâëÿÿ â ïîñëåäíèå äâà ðàâåíñòâà

íà÷àëüíûå óñëîâèÿ, ïîëó÷èì ñèñòåìó äâóõ óðàâíåíèé ñ íåèçâåñòíûìè C1 è C2:{
4 = C1 + C2,

−1 = −2C1 + 3C2.
.

Ðåøåíèåì ñèñòåìû áóäóò çíà÷åíèÿ C1 = 13
5 , C2 = 7

5 .
Îòâåò: y = 13

5 e
−2x + 7

5e
3x.

2. Íåîäíîðîäíûå óðàâíåíèÿ.

Íåîäíîðîäíîå ëèíåéíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè a, b, c, a 6=
6= 0, èìååò âèä

ay′′ + by′ + cy = f(x); (22)

ñîîòâåòñòâóþùåå åìó îäíîðîäíîå óðàâíåíèå èìååò âèä (20).
Îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ñëåäóþùåé òåîðåìîé î

ñòðóêòóðå îáùåãî ðåøåíèÿ íåîäíîðîäíîãî ëèíåéíîãî óðàâíåíèÿ: îáùåå ðåøåíèå
ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ åñòü ñóììà ëþáîãî åãî ÷àñòíîãî ðåøåíèÿ ỹ è
îáùåãî ðåøåíèÿ ȳ ñîîòâåòñòâóþùåãî åìó îäíîðîäíîãî óðàâíåíèÿ.
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Òàêèì îáðàçîì, y = ȳ + ỹ.
Íàõîæäåíèå ȳ áûëî ðàññìîòðåíî â ïðåäûäóùåì ïóíêòå.
Îäíèì èç ñïîñîáîâ íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ ỹ â ïðîñòåéøèõ ñëó÷àÿõ ÿâ-

ëÿåòñÿ ìåòîä íåîïðåäåë¸ííûõ êîýôôèöèåíòîâ (Òàáëèöà1).
Òàáëèöà 1. Ñòðóêòóðà ÷àñòíîãî ðåøåíèÿ ỹ

Ïðàâàÿ ÷àñòü äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ
f(x)

Êîðíè õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ

Âèä ÷àñòíîãî ðåøåíèÿ ỹ

f(x) = Pm(x), ãäå Pm(x) �
ìíîãî÷ëåí ñòåïåíè m

à) ÷èñëî 0 íå ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ

Qm(x), ãäå Qm(x) � ìíîãî÷ëåí
ñ íåîïðåäåë�åííûìè êîýôôèöè-
åíòàìè ñòåïåíè m

á) ÷èñëî 0 ÿâëÿåòñÿ êîð-
íåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ êðàòíîñòè r

xrQm(x)

f(x) = eαxPm(x), α � äåé-
ñòâèòåëüíîå ÷èñëî

à) ÷èñëî α íå ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ

Qm(x)e
αx

á) ÷èñëî α ÿâëÿåòñÿ êîð-
íåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ êðàòíîñòè r

xrQm(x)e
αx

f(x) = Pm(x) cosβx +
+ Qn(x) sinβx, ãäå Pm(x)
è Qn(x) � ìíîãî÷ëåíû
ñòåïåíè m è n ñîîòâåò-
ñòâåííî

à) ÷èñëî ±βi íå ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ

Ul(x) cosβx + Vl(x) sinβx, ãäå
Ul(x) è Vl(x) � ìíîãî÷ëåíû ñ
íåîïðåäåë�åííûìè êîýôôèöèåí-
òàìè ñòåïåíè l = max{m,n}

á) ÷èñëî ±βi ÿâëÿåòñÿ êîð-
íåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ êðàòíîñòè r

xr(Ul(x) cosβx+ Vl(x) sinβx)

f(x) = eαx(Pm(x) cosβx+
+Qn(x) sinβx)

à) ÷èñëî α ± βi íå ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ

eαx(Ul(x) cosβx + Vl(x) sinβx),
ãäå Ul(x) è Vl(x) � ìíîãî÷ëåíû
ñ íåîïðåäåë�åííûìè êîýôôèöè-
åíòàìè ñòåïåíè l = max{m,n}

á) ÷èñëî α ± βi ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ êðàòíîñòè r

xreαx(Ul(x) cosβx+Vl(x) sinβx)

Ðàññìîòðèì ïðèìåðû íà ïðèìåíåíèå ìåòîäà íåîïðåäåë�åííûõ êîýôôèöèåíòîâ.
Ïðèìåð 18. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ y′′ − 5y′ + 6y = 2xex.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä k2 − 5k + 6 = 0, åãî êîðíè k1 = 2,

k2 = 3, òîãäà ȳ = C1e
2x + C2e

3x.
Â ïðàâîé ÷àñòè óðàâíåíèÿ ôóíêöèÿ èìååò âèä ïðîèçâåäåíèÿ ìíîãî÷ëåíà ïåðâîé

ñòåïåíè íà ex. Íà îñíîâàíèè òàáëèöû 1 äëÿ f(x) = eαxP1(x), α = 1, ïîëàãàåì,
ỹ = (Ax+B)ex ( ñëó÷àé à), òàê êàê α = 1 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ). Äàëåå, y′ = Aex + (Ax + B)ex = (Ax + A + B)ex, y′′ = Aex + (Ax +
+ A + B)ex = (Ax + 2A + B)ex. Ïîäñòàâèì ïîëó÷åííûå âûðàæåíèÿ â èñõîäíîå
óðàâíåíèå:

(Ax+ 2A+B)ex − 5((Ax+ A+B)ex) + 6(Ax+B)ex = 2xex.
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Ñîêðàùàÿ íà ex è ïðèâîäÿ ïîäîáíûå ÷ëåíû, ïîëó÷àåì ðàâåíñòâî

2Ax− 3A+ 2B = 2x.

Ñðàâíèâàÿ êîýôôèöèåíòû ëåâîé è ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà ïðè îäè-
íàêîâûõ ñòåïåíÿõ x, ïîëó÷àåì ñèñòåìó óðàâíåíèé{

2A = 2,

−3A+ 2B = 0.

Èç ýòîé ñèñòåìû íàõîäèì A = 1, B = 3
2 . Ñëåäîâàòåëüíî, ỹ =

(
x+ 3

2

)
ex.

Îòâåò: y = C1e
2x + C2e

3x +
(
x+ 3

2

)
ex.

Ïðèìåð 19. Íàéòè îáùåå ðåøåíèÿ óðàâíåíèÿ y′′ − 6y′ + 9y = (x2 + 2x)e3x.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä k2−6k+9 = 0, åãî êîðíè k1 = k2 = 3,

ïîýòîìó ȳ = C1e
3x + C2xe

3x. Â ïðàâîé ÷àñòè ôóíêöèÿ èìååò âèä ïðîèçâåäåíèÿ
ìíîãî÷ëåíà âòîðîé ñòåïåíè íà e3x. Äëÿ ôóíêöèè f(x) = P2(x)eαx, α = 3, P2(x) =
= x2 + 2x, íà îñíîâàíèè òàáëèöû 1 (ñëó÷àé á), òàê êàê α = 3 ÿâëÿåòñÿ êîðíåì
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r = 2) ïîëàãàåì

ỹ = x2(Ax2 +Bx+ C)e3x = (Ax4 +Bx3 + Cx2)e3x.

Äàëåå íàõîäèì ïðîèçâîäíûå:

y′ = (4Ax3 + 3Bx2 + 2Cx)e3x + (Ax4 +Bx3 + Cx2) · 3e3x =

= (3Ax4 + (4A+ 3B)x3 + (3B + 3C)x2 + 2Cx)e3x,

y′′ = (12Ax3 + (4A+ 3B) · 3x2 + (3B + 3C) · 2x+ 2C)e3x+

+(3Ax4 + (4A+ 3B)x3 + (3B + 3C)x2 + 2Cx) · 3e3x =

= (9Ax4 + (24A+ 9B)x3 + (12A+ 18B + 9C)x2 + (6B + 12C)x+ 2C)e3x.

Ïîäñòàâèì ïîëó÷åííûå âûðàæåíèÿ â èñõîäíîå óðàâíåíèå è ïðèâåä¸ì ïîäîáíûå
÷ëåíû:

(9Ax4 + (24A+ 9B)x3 + (12A+ 18B + 9C)x2 + (6B + 12C)x+ 2C)e3x−
−6(3Ax4 + (4A+ 3B)x3 + (3B + 3C)x2 + 2Cx)e3x+

+9(Ax4 +Bx3 + Cx2)e3x = (x2 + 2x)e3x,

(12Ax2 + 6Bx+ 2C)e3x = (x2 + 2x)e3x.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ âûðàæåíèÿõ â ëåâîé è ïðàâîé ÷àñòè
ïîñëåäíåãî ðàâåíñòâà, ïîëó÷àåì ñèñòåìó óðàâíåíèé




12A = 1,

6B = 2,

2C = 0.

Èç ýòîé ñèñòåìû íàõîäèì A = 1
12 , B = 1

3 , C = 0. Ñëåäîâàòåëüíî, ỹ =

=
(
x4

12 + x3

3

)
e3x.
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Îòâåò: y = C1e
3x + C2xe

3x +
(
x4

12 + x3

3

)
e3x.

Â ñëåäóþùèõ ïðèìåðàõ ïîêàçàí ïîäáîð ÷àñòíîãî ðåøåíèÿ ỹ áåç íàõîæäåíèÿ
êîýôôèöèåíòîâ.
Ïðèìåð 20. y′′ − 2y′ − 3y = e4x.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k2 − 2k − 3 = 0 èìååò êîðíè k1 = −1, k2 = 3,

ïîýòîìó îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ åñòü ȳ = C1e
−x + C2e

3x.
Äëÿ f(x) = P0(x)e4x, P0(x) = 1, èç òàáëèöû 1 (α = 4 íå ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ) íàõîäèì ỹ = Ae4x.
Ïðèìåð 21. y′′ − 2y′ − 3y = 3e−x.
Èç ïðåäûäóùåãî ïðèìåðà ñëåäóåò, ÷òî ȳ = C1e

−x +C2e
3x. Äëÿ f(x) = P0(x)e−x,

P0(x) = 3, èç òàáëèöû 1 (α = −1 ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
êðàòíîñòè 1) íàõîäèì ỹ = Axe−x.
Ïðèìåð 22. y′′ − 2y′ + y = 5ex.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k2 − 2k + 1 = 0 èìååò êîðíè k1 = k2 = 1, òîãäà

ȳ = C1e
x + C2xe

x. Äëÿ f(x) = P0(x)ex, P0(x) = 5, èç òàáëèöû 1 (α = 1 ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè 2) íàõîäèì ỹ = Ax2ex.
Ïðèìåð 23. y′′ − y = x2 + 1.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k2 − 1 = 0 èìååò êîðíè k1 = −1, k2 = 1, òîãäà

ȳ = C1e
−x + C2e

x. Äëÿ f(x) = P2(x) = x2 + 1 èç òàáëèöû 1 (α = 0 íå ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ) íàõîäèì ỹ = Ax2 +Bx+ C.
Ïðèìåð 24. y′′ − 2y′ − 3y = sin 3x.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k2 − 2k − 3 = 0 èìååò êîðíè k1 = −1, k2 = 3,

òîãäà ȳ = C1e
−x + C2e

3x. Äëÿ f(x) = P0(x) · cos 4x + Q0(x) sin 4x, ãäå P0(x) =
= 0, Q0(x) = 1, èç òàáëèöû 1 (β = ±4 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ) íàõîäèì ỹ = A cos 4x+B sin 4x.
Ïðèìåð 25. y′′ + 4y = sin 2x− 3 cos 2x.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k2 + 4 = 0 èìååò êîðíè k1,2 = ±2i, òîãäà

ȳ = C1 cos 2x + C2 sin 2x. Äëÿ f(x) = P0(x) cos 2x + Q0(x) sin 2x, ãäå P0(x) = 1,
Q0(x) = −3, èç òàáëèöû 1 (β = ±2 ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ êðàòíîñòè 1) íàõîäèì ỹ = x(A cos 2x+B sin 2x).
Âñòðå÷àþòñÿ ñëó÷àè, êîãäà ïðàâàÿ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ åñòü ñóì-

ìà íåñêîëüêèõ ôóíêöèé: f(x) = f1(x) + f2(x) + . . . + fn(x). Òîãäà äëÿ êàæäîãî
ñëàãàåìîãî íàõîäèòñÿ ÷àñòíîå ðåøåíèå ỹi, i = 1, 2, . . . , n, è ỹ = ỹ1 + ỹ2 + . . .+ ỹn.
Ïðèìåð 26. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y′′− 4y′ = −20xe2x− 4 + 16x−
−25 cos 5x+20 sin 5x, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì y|x=0 = 2, y′|x=0 = 5.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå k2−4k = 0 èìååò êîðíè k1 = 0 è k2 = 4, ïîýòîìó

îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä ȳ = C1 + C2e
4x.

Ïðàâàÿ ÷àñòü çàäàííîãî óðàâíåíèÿ èìååò âèä f(x) = f1(x) + f2(x) + f3(x), ãäå
f1(x) = −20xe2x, f2(x) = 16x − 4, f3(x) = −25cos5x + 20 sin 5x. Ñîîòâåòñòâåííî,
÷àñòíîå ðåøåíèå ìîæíî èñêàòü â âèäå ỹ = ỹ1 + ỹ2 + ỹ3.
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1) f1(x) = −20xe2x = P1(x)e2x, ãäå P1(x) = −20x - ìíîãî÷ëåí ïåðâîé ñòåïåíè.
Çäåñü α = 2 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ïîýòîìó ỹ1 =
= (Ax + B)e2x. Òîãäà ỹ′1 = Ae2x + (Ax + B) · 2e2x = (2Ax + A + 2B)e2x, ỹ′′1 =
= 2Ae2x + (2Ax + A + 2B)2e2x = (4Ax + 4A + 4B)e2x. Ïîäñòàâèì â èñõîäíîå
óðàâíåíèå è, ñîêðàòèâ íà e2x, ïîëó÷èì 4Ax+4A+4B−4(2Ax+A+2B) = −20x, òî
åñòü, −4Ax− 4B = −20x. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ
x, ïîëó÷àåì −4A = −20 è −4B = 0, îòêóäà A = 5, B = 0, ò.å. ỹ1 = 5xe2x.
2) f2(x) = 16x− 4 = P1(x) ìíîãî÷ëåí ïåðâîé ñòåïåíè. Òàê êàê α = 0 ÿâëÿåòñÿ

êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè 1, íàõîäèì ỹ2 = (Ax + B)x =
= Ax2 + Bx. Òîãäà ỹ′2 = 2Ax + B, ỹ′′2 = 2A. Ïîäñòàâèì â èñõîäíîå óðàâíåíèå,
ïîëó÷èì 2A − 4(2Ax + B) = 16x − 4, òî åñòü, −8Ax + 2A − 4B = 16x − 4.
Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷àåì −8A = 16,
2A− 4B = −4, îòêóäà A = −2, B = 0 è ỹ2 = −2x2.
3) f3(x) = P0(x) cos 5x + Q0(x) sin 5x, ãäå P0(x) = −25 è Q0(x) = 20 - ìíîãî-

÷ëåíû íóëåâîé ñòåïåíè. Òàê êàê ±5i íå ÿâëÿþùånñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ, íàõîäèì ỹ3 = A cos 5x + B sin 5x. Òîãäà ỹ′3 = −5A sin 5x + 5B cos 5x,
ỹ′′3 = −25A cos 5x − 25B sin 5x. Ïîäñòàâèì â èñõîäíîå óðàâíåíèå: −25A cos 5x −
25B sin 5x − 4(−5A sin 5x + 5B cos 5x) = −25 cos 5x + 20 sin 5x. Ïðèðàâíèâàÿ êî-
ýôôèöèåíòû ïðè cos 5x è sin 5x, ïîëó÷àåì −25A− 20B = −25, 20A− 25B = 20,
îòêóäà A = 1, B = 0 è ỹ3 = cos 5x.
Òåïåðü ìû ìîæåì íàïèñàòü îáùåå ðåøåíèå íàøåãî óðàâíåíèÿ:

y = ȳ + ỹ1 + ỹ2 + ỹ3 = C1 + C2e
4x + 5xe2x − 2x2 + cos 5x.

Íàéä�åì ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå çàäàííûì íà÷àëüíûì óñëîâèÿì
y(0) = 2, y′(0) = 5. Òàê êàê

y′ = 4C2e
4x + 5e2x + 10xe2x − 4x− 5 sin 5x,

òî, ïîäñòàâèâ íà÷àëüíûå çíà÷åíèÿ â îáùåå ðåøåíèå è â åãî ïðîèçâîäíóþ, ïîëó÷èì
óðàâíåíèÿ 2 = C1 +C2 + 1 è 5 = 4C2 + 5. Ñëåäîâàòåëüíî, C1 = 1, C2 = 0. ×àñòíîå
ðåøåíèå èìååò âèä y = 1 + 5xe2x − 2x2 + cos 5x.
Îòâåò: y = 1 + 5xe2x − 2x2 + cos 5x.

� 7. Ñèñòåìû îäíîðîäíûõ ëèíåéíûõ óðàâíåíèé ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè.

Îãðàíè÷èìñÿ ðàññìîòðåíèåì ñèñòåì âòîðîãî ïîðÿäêà.
Îäíîðîäíàÿ ñèñòåìà ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â íîðìàëüíîé ôîðìå èìååò âèä{
x′ = a11x+ a12y,

y′ = a21x+ a22y,
(23)

èëè, â ìàòðè÷íîé ôîðìå,
X ′(t) = AX(t), (24)

20



ãäå

A =

(
a11 a12
a21 a22

)
, X(t) =

(
x(t)
y(t)

)
, X ′(t) =

(
x′(t)
y′(t)

)
. (25)

Ñëîâà
”
â íîðìàëüíîé ôîðìå“ îçíà÷àþò, ÷òî ñèñòåìà ðàçðåøåíà îòíîñèòåëüíî

ïðîèçâîäíûõ íåèçâåñòíûõ ôóíêöèé.
Ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé ñèñòåìû (24) íàçûâàåòñÿ ñîâîêóïíîñòü

äâóõ ïðîèçâîëüíûõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé

X1(t) =

(
x1(t)
y1(t)

)
, X2(t) =

(
x2(t)
y2(t)

)
, (26)

à ñîñòàâëåííàÿ èç íèõ ìàòðèöà

W (t) =

(
x1(t) x2(t)
y1(t) y2(t)

)
(27)

íàçûâàåòñÿ ôóíäàìåíòàëüíîé ìàòðèöåé ñèñòåìû.
Îáùåå ðåøåíèå ñèñòåìû (24) ìîæíî çàïèñàòü â âèäå

X(t) = C1X1(t) + C2X2(t) = W (t)

(
C1

C2

)
, (28)

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Ñèñòåìà (25) ìîæåò áûòü ðåøåíà ñðåäñòâàìè ëèíåéíîé àëãåáðû. Åñëè õàðàêòå-

ðèñòè÷åñêîå óðàâíåíèå
|A− λE| = 0 (29)

èìååò ðàçëè÷íûå äåéñòâèòåëüíûå êîðíè λ1 è λ2, òî ñîîòâåñòâóþùèå èì ñîáñòâåí-

íûå âåêòîðû X1 =

(
α11

α12

)
è X2 =

(
α21

α22

)
ëèíåéíî íåçàâèñèìû, à ðåøåíèå ñèñòåìû

èìååò âèä
X(t) = C1X1e

λ1t + C2X2e
λ2t. (30)

Ïðèìåð 27. Ðåøèòü ñèñòåìó óðàâíåíèé

{
x′ = 5x+ 3y,

y′ = 2x+ 6y.

Â ìàòðè÷íîé ôîðìå ñèñòåìà èìååò âèä

(
x′

y′

)
=

(
5 3
2 6

)(
x
y

)
.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå∣∣∣∣
5− λ 3

2 6− λ

∣∣∣∣ = 0 =⇒ λ2 − 11λ+ 24 = 0

èìååò êîðíè λ1 = 3 è λ2 = 8.
Äëÿ íàõîæäåíèÿ ñîáñòâåííîãî âåêòîðà äëÿ λ1 = 3 ïî ìàòðèöå

A− λ1E =

(
5− λ1 3

2 6− λ1

)
=

(
5− 3 3

2 6− 3

)
=

(
2 3
2 3

)
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ñîñòàâèì ñèñòåìó óðàâíåíèé {
2α + 3β = 0,

2α + 3β = 0.

Î÷åâèäíî, ÷òî îäíî óðàâíåíèå ëèøíåå, à ïîýòîìó ñèñòåìà èìååò áåñêîíå÷íîå ìíî-
æåñòâî ðåøåíèé. Ïðèäàäèì β ëþáîå ÷èñëîâîå çíà÷åíèå, êðîìå 0, íàïðèìåð, β = 2,

òîãäà α = −3. Ïîëó÷èëè ñîáñòâåííûé âåêòîð X1 =

(
−3
2

)
.

Àíàëîãè÷íî, äëÿ íàõîæäåíèÿ ñîáñòâåííîãî âåêòîðà äëÿ λ2 = 8 ïî ìàòðèöå

A− λ2E =

(
5− λ2 3

2 6− λ2

)
=

(
5− 8 3

2 6− 8

)
=

(
−3 3
2 −2

)

ñîñòàâèì ñèñòåìó óðàâíåíèé {
−3α + 3β = 0,

2α− 2β = 0.

Ïðèäàäèì β ëþáîå ÷èñëîâîå çíà÷åíèå, êðîìå 0, íàïðèìåð, β = 1, òîãäà èç ëþáîãî

óðàâíåíèÿ âûõîäèò α = 1. Ïîëó÷èëè ñîáñòâåííûé âåêòîð X2 =

(
1
1

)
.

Òåïåðü ïî ôîðìóëå (30) ïîëó÷àåì îáùåå ðåøåíèå:

X(t) = C1

(
−3
2

)
e3t + C2

(
1
1

)
e8t.

Îòâåò:

{
x = −3C1e

3t + C2e
8t,

y = 2C1e
3t + C2e

8t.

Îäíàêî ïðè èñïîëüçîâàíèè ýòîãî ìåòîäà â ñëó÷àÿõ, êîãäà êîðíè õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ îäèíàêîâûå èëè êîìïëåêñíûå, âîçíèêàþò îïðåäåë�åííûå îñëîæ-
íåíèÿ. Ïîýòîìó ÷àñòî èñïîëüçóþò äðóãîé ìåòîä � ìåòîä èñêëþ÷åíèÿ.

Ïðèìåð 28. Ðåøèòü ñèñòåìó óðàâíåíèé

{
x′ = 5x+ 3y,

y′ = 2x+ 6y
ìåòîäîì èñêëþ÷åíèÿ

íåèçâåñòíîé ïåðåìåííîé.
Ïðåäïîëîæèì, ìû õîòèì èñêëþ÷èòü íåèçâåñòíóþ x.
Ïðîäèôôåðåíöèðóåì âòîðîå óðàâíåíèå åù�å ðàç:

y′′ = 2x′ + 6y′.

Ïîäñòâèì â ïîëó÷åííîå óðàâíåíèå âìåñòî x′ åãî âûðàæåíèå èç ïåðâîãî óðàâíå-
íèÿ:

y′′ = 2(5x+ 3y) + 6y′ =⇒ y′′ = 10x+ 6y + 6y′.

È, íàêîíåö, èç âòîðîãî óðàâíåíèÿ çàäàííîé ñèñòåìû y′ = 2x + 6y âûðàçèì
x = 1

2(y′ − 6y) è ïîäñòàâèì åãî â óðàâíåíèå y′′ = 10x+ 6y + 6y′:

y′′ = 5y′ − 30y + 6y + 6y′ =⇒ y′′ − 11y′ + 24y = 0.
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Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ k2− 11k+ 24 = 0 ðàâíû k1 = 3 è k2 = 8.
Òîãäà y = C1e

3t + C2e
8t, à

x =
1

2
(y′ − 6y) =

1

2
(3C1e

3t + 8C2e
8t − 6C1e

3t − 6C2e
8t) = −3

2
C1e

3t + C2e
8t.

Îòâåò:

{
x = −3

2C1e
3t + C2e

8t,

y = C1e
3t + C2e

8t.

ÊÎÍÒÐÎËÜÍÀß ÐÀÁÎÒÀ �4.

1. � 10. Íàéäèòå ÷àñòíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

1. (x2 − y2)y′ = 2xy, y(1) = 1. 2. (1 + x2)y′ − 2xy = (1 + x2)2, y(0) = 5.
3. xy′ = y ln y

x , y(1) = e2. 4. xy′ + xe
y
x − y = 0 , y(1) = 2.

5. xy′ + y = 3, y(1) = −2. 6. y′ cosx = (y + 1) sinx, y(0) = 3.

7. xy′ − y =
√
x2 + y2, y(1) = 0. 8. x2y′ − 2xy = 3, y(1) = −3.

9. (1− x2)y′ + xy = 1, y(0) = −1. 10. xy + y2 = (2x2 + xy)y′, y(1) = 1.

11 � 20. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà.

11. y′′ tg x = y′ + 1. 12. 2yy′′ − (y′)2 = 0.
13. x(y′′ + 1) + y′ = 0. 14. xy′′ − y′ = exx2.
15. y′′ + 2y(y′)3 = 0. 16. y′′y3 = 1.
17. y′′ − 2y′ ctg x = sin3 x. 18. y′′x lnx− y′ = 0.
19. 2(y′)2 = (y − 1)y′′. 20. 2yy′′ = 1 + (y′)2.

21 � 30. Íàéòè ÷àñòíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′′ + py′ + qy =
= f(x), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì y(0) = y0, y

′(0) = y′0.

21. y′′ + 4y′ − 12y = 40 sin 2x+ 64e2x − 36x, y0 = −3, y′0 = 0.
22. y′′ − 6y′ + 9y = 9x2 − 27x+ 3 + 2e3x + 18 cos 3x, y0 = 0, y′0 = 5

3 .
23. y′′ + 4y = 8e−2x + 4x2 − 4x+ 6 + 12 cosx, y0 = 0, y′0 = 1.
24. y′′ − 2y′ + 5y = 25xe2x − 17 cos 2x+ 34 sin 2x, y0 = 0, y′0 = 0.
25. y′′ + 5y′ + 6y = e−2x + 3x+ 1 + 52 cos 2x, y0 = 3

4 , y′0 = 27
2 .

26. y′′ + 6y′ + 9y = (12x2 − 6x)e−3x + 18 sin 3x, y0 = 1, y′0 = −1.
27. y′′ − 4y′ + 13y = 25e−2x + 13x+ 40 cos 3x, y0 = 17

13 , y′0 = 0.
28. y′′ − 4y′ = 16e4x + 3x− 6x2, y0 = 2, y′0 = 0.
29. y′′ − 2y′ + y = 6xex + 25 sin 2x, y0 = 2, y′0 = −1.
30. y′′ − 5y′ + 6y = e2x(2 + 6x) + 78 sin 3x, y0 = 0, y′0 = 0.
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31 � 40. Äàíà ñèñòåìà ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè. Òðåáóåòñÿ: 1) íàéòè îáùåå ðåøåíèå ñ ïîìîùüþ õàðàêòåðèñòè-
÷åñêîãî óðàâíåèÿ; 2) çàïèñàòü äàííóþ ñèñòåìó è å�å ðåøåíèå â ìàòðè÷íîé ôîðìå;
3) ðåøèòü ñèñòåìó ñïîñîáîì èñêëþ÷åíèÿ ïåðåìåííîé.

31.

{
x′ = 4x+ 6y,

y′ = 4x+ 2y.
32.

{
x′ = −5x− 4y,

y′ = −2x− 3y.

33.

{
x′ = 3x+ y,

y′ = 8x+ y.
34.

{
x′ = 6x+ 3y,

y′ = −8x− 5y.

35.

{
x′ = −x+ 5y,

y′ = x+ 3y.
36.

{
x′ = 3x− 2y,

y′ = 2x+ 8y.

37.

{
x′ = −4x− 6y,

y′ = −4x− 2y.
38.

{
x′ = −5x− 8y,

y′ = −3x− 3y.

39.

{
x′ = −x− 5y,

y′ = −7x− 3y.
40.

{
x′ = −7x+ 5y,

y′ = 4x− 8y.
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